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Abstract 

We investigate BPS solutions in ABJM tlieory on R x S^. We find new BPS 
solutions, which have nonzero angular moinentuni as well as nontrivial configura- 
tions of fluxes. Applying the "Higgsing procedure" of larXiv:0803.3218l around a 
1/2-BPS solution of ABJM theory, one obtains TV = 8 super Yang-Mills (SYM) on 
R X S^. We also show that other BPS solutions of the SYM can be obtained from 
BPS solutions of ABJM theory by this higgsing procedure. 
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1 Introduction 

Superconformal Chern-Simons-matter (CSM) theories have been studied with consider- 
able interest over the past few years. These theories have been studied in the context of 
M-theory and their possible relevance to the world-volume theory of multiple M2-branes 
was first discussed in [1]. The first explicit Lagrangian of such a CSM theory was BLG 
theory [2H5]. This was a maximally supersymmetric A/" = 8 superconformal theory of fixed 
rank SU{2) x SU{2) coupled to matter fields transforming in the bi-fundamental of the 
two S't/(2)'s. The Chern-Simons terms of the two S'f/(2)'s come with a relative negative 
sign. Even though the relevance of the BLG theory to M2-brane theory is not understood, 
CSM theories with lesser supersymmetry, sharing some of the above mentioned features 
of the BLG theory, have been proposed as the world-volume description of M2-branes in 
various backgrounds. In particular, a certain A/" = 6 superconformal CSM theory - ABJM 
theory - was proposed as the world- volume theory of multiple M2-branes on C"^/Zfc, where 
k is the Chern-Simons level [6]. For k = 1,2, ABJM theory has A/" = 8 supersymmetries 
even though in the classical Lagrangian only A/" = 6 supersymmetries are manifest. The 
enhanced symmetry generators are realized in terms of monopole operators [6H8] . 

Several checks have been done for this proposal. Firstly the moduli space of the 
theory has been shown to have the right geometry. In the case of ABJM theory, for 
instance, the moduli space is C^/Z^. Tests beyond getting the right moduli space have 
also been done. This includes the computation of the superconformal index of the theory 
and matching with results from supergravity [9HT3]. Several CSM theories have been 
proposed to describe M2-branes in other backgrounds [T1H22]- 

One of the first checks of the relevance of these CSM theories to M-theory was per- 
formed in [23l|2l]. In the case of M2-branes on C^/Z^, one can consider a limit in which 
we take the branes far away from the orbifold fixed point and simultaneously take small 
orbifold angle. In this limit the orbifold geometry can be well approximated by S^ x R^. 
This is the limit in which the M2-branes should be approximated by D2-branes, and 
therefore the CSM theory should be approximated by a super Yang-Mills theory (SYM_). 
Mukhi and Papageorgakis gave a field theory realization of this picture in BLG theorjt. 



^ Even though the geometry of the moduh space of BLG theory is more comphcatcd than C^/Zk, the 
Higgsing procedm-e stiU leads to SYM. 



By giving a vev to a scalar field, and taking the large v and large k limit with ^^ = Qy^ 
held constant as the gauge coupling, it was shown that the CSM theory is approximated 
by A/" = 8 SYM on flat spacetime. This procedure was called the "novel Higgs mecha- 
nism" . This was first done in the context of the maximally supersymmetric A/" = 8 BLG 
theory but carries over for ABJM theory as well [6]. 

For the abelian versions of the theories, corresponding to a single D2 brane and single 
M2 brane, it can be explicitly seen that the ABJM a.t k = 1 can be rewritten as the SYM 
by simply compactifying one of the eight-scalar fields and dualizing it into a gauge field. 
Of course, for the non-abelian theory, it is not possible to carry out a compactification 
directly at the level of the classical Lagrangian because the translation invariance along 
the transverse directions is not manifest in the Lagrangian. Also, since the SYM is 
interacting, one expects the 5*0 (8) invariance to be manifest only at the strongly coupled 
IR fixed point of the SYMo. Therefore the Higgsing procedure is the only way in which 
one can see the M2 to D2 connection at the level of the classical Lagrangian. 

Since ABJM theory is conformal there exists a conformal map which maps ABJM 
theory on fiat spacetime to that on R x S^. Under this map the vacua of ABJM theory get 
mapped to time-dependent 1/2-BPS solutions on Rx S^ [27]. The novel Higgs mechanism 
was carried out around the vacua of the CSM theory on fiat space and resulted in A/" = 8 
SYM. It is worth asking what happens when we carry out the analogous procedure of the 
novel Higgs mechanism about the corresponding solutions of ABJM theory on R x S^. 
In this case, it is naturally expected that we obtain J\f = 8 SYMlj on R x S^, which 
preserves SU(2\A) symmetry (16 supersymmetries) and has been studied previously in 
the context of the plane wave (BMN) matrix model |28], gauge/gravity duality [29|[30] 
and the large- A^ reduction of A/" = 4 SYM on R x S^ [5U] . Thermodynamic aspects of 
this SYM was studied in [31] while aspects related to integrability was studied in [32] . 

In this paper, we first solve for BPS configurations in ABJM theory on R x S^. 
In particular, we find general BPS solutions for diagonal configurations. Interestingly, 
the BPS solutions have non-trivial (t, 6, (y9)-dependence on R x S^ with nonzero angular 



^ However, in |25j . it was shown that even in the non-abehan case the enhanced 50(8) invariance can 
be seen manifestly at the level of scattering amplitudes of the SYM. See also pS] , 

^ A/" = 8 SYM on R X S^ is no longer related to the A/" = 8 SYM on flat space because the theory is 
not conformal. 



momentum on S^ as well as non-trivial flux, not only "magnetic flux" but also "electric 
flux", turned on. We then show that carrying out the Higgsing procedure around a 1/2- 
BPS solution of ABJM theory on R x S^ leads to A/" = 8 SYM on R x S^. In this process, 
as in the flat space case, we observe an enhancement of the supersymmetry and the R- 
symmetry, from 12 and SU{3) to 16 and 5'[/(4), respectiveljo. We also comment on the 
mechanism of this enhancement. Furthermore we show that the theory around a nontrivial 
vacuum and a 1/2-BPS solution of A^ = 8 SYM on R x S^ is also obtained by Higgsing the 
theory around another 1/2-BPS solution and a 1/4-BPS solution, respectively, of ABJM 
theory on R x S^. 

The organization of this paper is as follows. In section 2, we write down the action, 
equations of motion and supersymmetries of ABJM theory on R x S^. In section 3, we 
solve for speciflc 1/2-BPS and 1/4-BPS solutions of this theory. In section 4, we then 
show that higgsing around a 1/2-BPS solution of ABJM on R x S^ leads to the A/" = 8 
SYM on R X S^ and make some comment on the symmetry enhancement. We also show 
that theories expanded around a nontrivial vacuum and a 1/2-BPS solution of A/" = 8 
SYM on R X S^ are obtained from ABJM theory. Section 5 is devoted to summary and 
discussion. There are four appendices in which we collect our notations and conventions 
used in the paper, give some details about the BPS solutions of ABJM theory on R x S^, 
present the action, supersymmetry transformations and vacuum solutions of the A/" = 8 
SYM on R X S^ and give some details about the representation of the /2-symmetry of 
fermions in ABJM theory and SYM. 

2 ABJM on R X S^ 

In this section we write down the action, equations of motion and supersymmetry trans- 
formations of ABJM theory on R x S^ with Minkowski signature ( — h +). 

The fleld content of ABJM theory is the following: two gauge flelds A^^^ and A^'^^ 
associated with the gauge group U{N) x U{N), bi-fundamental scalars Y"^ and their su- 
perpartners ipA (^ = 1;2,3,4), which are (1 + 2)-dimensional Majorana spinors. The 
global symmetry of this theory is the superconformal symmetry 05^(614) and a U{1) 



^ This is the supersymmetry and global symmetry preserved by the 1/2-BPS solution about which we 
"Higgs". 



(baryon) symmetry, denoted by U{l)b. OSp{6\4) includes the (1 + 2)-dimensional confor- 
mal group 5*0(2,3) and _R-symmetry S'f/(4) as bosonic subgroups. Y"^ (i/ja) transforms 
as the ( ant i-) fundamental representation of S'f/(4) and carries charge -1(+1) under U{l)b- 
The action of ABJM theory on R x S^ is given by 



S = I dt^Tr 



^.mnpf A{l)r. .(1) ^4(1)4(1)4(1) _ 4(2)0 4(2) _ ^4(2)4(2)4(2) 



D„XlD"^Y^ - ^YlY'' + t^J^^rDai^A 



+ ^ (y^yIy^Y^Y^Y^ + Y^Y^^Y^Y^Y^Y^ + AY^^Y^Y^'yIy^Y^. - QY^Y^Y^Y^Y^Y^c 



(^ABCD^^^l^^V^^^l^^ - e^^^'^^ljAYl^l^cYl 



(2.1) 



where m,n,p- ■ ■ run over the world- volume coordinates t, 6, ip and a,b,- ■ ■ = 1, 2, 3 are 
corresponding local Lorentz indices. The upper and lower A,B,- ■ ■ are indices of 4 and 
4, respectively, of 5'f/(4) and run 1,2,3,4. k{= 1,2,---) is the Chern-Simons coupling 
and fi~^ is the radius of S"^. 7" (a = 1, 2, 3) are gamma matrices of 5*0(1, 2), which satisfy 
{l"':!^} = 2?7"* with r]""^ = diag(— 1, +1, +1). The mass term of the scalar field comes 
from the coupling to the background curvature. Covariant derivatives take the following 
form 

D^Y^ = d^Y^ + tA^^Y^ - iY^A^^\ 

= dmi^A + -^OOmabl^^^pA + iA^^^Ija - i^pAA^^ . (2.2) 

where Uab is the spin connection of R x S^. In appendix A, we gather our conventions of 
the metric and the spinor used in this paper. Equations of motion for the bosonic fields 
with ipA = 0, which are relevant for the following discussion, are given by 



^afec Air(2) ^ . fjjaytyA _ Y^D^Y^ 



(oaD'^ -^\y^ = -^ (y^rir^F^tF^ + r^rir^r^r^ + 4F^r^F^riF^ 



- 2Y^yIy'^Y^Y^ - 2Y^Y^Y^Y^Y^ - 2Y^Y^Y^Y^Y^ 

(2.3) 

We can show that the action (12.11) is invariant under the following supersymmetry 
transformationqj 



SY^ = -i^^iJB. 



5Y\ = -i^j^^i 



AB, 






5A^S> 



27r 
27r 



Y'^^lj^^l^UB + i^^'lm^AYl 



SAt^ = -T r'^^™^^^^"" + ^fe^^-^A 



(2.4) 



where 



qB^c ^ j.B^c _ US.T^'' + -5fT^B^, T^^^ = Y^YlY^ - Y^Y^Y^. 



(2.5) 



S,AB are supersymmetry parameters, which are (1 + 2) -dimensional Majorana spinors and 
antisymmetric in A and B (i.e. 6 of SU{4)r), ^ab = —^ba, and satisfy the conformal 
Killing spinor equations, 



VaUB = ±i-lal^UB- 



(2.6) 



(+) 



Hereafter we denote ^ab satisfying the upper and lower signs in (12. 6p by ^\^ and ^ 
respectively. ^(='=)^^ is the complex conjugate of Q^^ and satisfy 



r(-) 
AB^ 



i 



{±)AB 



(e 



AB) 



■ abcdAt) 



(2.7) 



^(±) 



So, ^\^ are related to the complex conjugate of ^ab- One can easily solve (12. 6p as 



(T) 



&^ = .-*e^-'te-"*,<1> 



(2,; 



where 77^^ are constant spinors. Thus the action (12.11) possesses 24 supersymmetries. 



For k = 1,2, there are additional supersymmetries which are not manifest in the Lagrangian. 



3 BPS solutions of ABJM on R x S^ 

In this section, we find specific BPS solutions of ABJM theory on R x S^. BPS solutions, 
in general, are obtained by solving dtp a = as well as the equations of motion with i/ja = 0. 
Since it is difficult to solve the equations generically, we look for solutions with diagonal 
configuration in the U{N) x U{N) theory. For these solutions, Q^a" ~ 0- Therefore 
each diagonal component is basically a BPS solution of the U{1) x f/(l) theory. The BPS 
equations can be easily solved with this assumption. In the following, we give particular 
BPS solutions, which are 1/2-BPS and 1/4-BPS solutions for t/(l) x t/(l) ABJM theory 
when k > 2. They are determined by 6ipA = 0, where 6ipA is given in (12. 4p . Other BPS 
solutions are summarized in appendix B. 

3.1 1/2-BPS solution 

We first look for 1/2-BPS solutions of ABJM theory on R x S^ [271l33|[33] . Let us consider 
the equation given by 6ipA = in t/(l) x f/(l) ABJM theory, 

-r&^D^Y^ T ^f l^^°d1] = 0, (3.1) 

where (^\J is explicitly given in (12. Sp . Since the equations of motion for the gauge fields 
imply Frnn = Fmn, wc cau take a gauge in which 

so that Dm becomes dm in (13. ip . Now, we look for BPS solutions preserving SU{3) of the 
SU{4) /^-symmetry. Such a configuration is obtained by imposing 

^i'i = 0, r/ti^O (3.3) 

where A', B', ■■■ = 1,2,3 and the second line of (13. 3p is the complex conjugate of the first 
line. This is a 1/2-BPS condition. Then, (13. ID reduces to the equations for the scalars 

Y^ = Y^ = Y^ = 0, 

{dt + z^)Y^ = 0, deY^ = d^Y^ = 0. (3.4) 
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Therefore, a 1/2-BPS solution for the scalar fields is given by 

Y^ =Y'^ = Y^ = 0, 

where u is a complex constant. This solution breaks S'[/(4) i?-syninietry to S'f/(3). It 
turns out from the equations of motion of the gauge fields in (12.31) that the gauge fluxes 
take the form 

p(l) _ p(2) _ p(l) _ p(2) _ n. 

Fg> = F'S = ^|»P, (3J) 

Flux quantization condition; 

^[^FSeZ. (3.7) 

2tt J jj,^ 



leads to the quantization of v; 



— \v\^ = 2qeZ>o, {S.t 



where q G Z>q/2. One can easily solve (13. 6 p locally in terms of gauge fields by introducing 
two patches on 5*^; 



4(1) _ 

Aq - 


Af = 0, 


4" = 


A? = 0, 


4" = 


^(2) 27r|t;|2±l-cos^ 


k sin^ 


n4> 


_ 4(2) _ 4(1) _ 4(2) _ 
— /1q — ^i — ^1 — 



±1 — cos^ 

f^Q ^-B — > 3.9 

smfc* 

where we have taken Aq''' = A'q' = A^' = A[^' = gauge. The upper and lower signs 
in the third line correspond to the region I (0 < 6* < vr) and the region II (0 < 6* < vr), 
respectively. For each patch, gauge fields are well-defined. This gauge field configuration 
is nothing but the Dirac monopole with the monopole charge q. In the overlap region, the 
configurations on the region I and the region II are related by the gauge transformation 

An , 



L^n-j-i = exp ^ «— I^P ' ^} = exp {i 2q(p} , (3.10) 



which is single value since q G Z/2. 



As discussed in [6], even after gauge fixing ABJM theory, there is a discrete redundant 
gauge symmetry left, which results in the following identification of scalar fields: 

yA _ g2Wfcy^. (3.11) 

For the 1/2-BPS solutions (13.51) and (13.91) . we can calculate the energy E and the 
/2-charge J4 (the charge corresponding to the rotation of the phase of y^); 



/i y 4 



E= I ^l \d,Y^\' + |V„,r^P + ^\Y^n= f^kq, 



J4 = 1^ {-tY%Yl + id,YX) = '^kq, (3.12) 

where a' = 1,2. Note that the solution saturates the following EPS bounq^ 



E=^J,. (3.13) 



3.2 1/4-BPS solution 



Next, we will find 1/4-BPS solutions. In addition to the 1/2-BPS condition (13. 3 p we 
further impose the following conditions 

• (+) _ (+) 

^7 Va'4: ~ ''7a'4' 

^7%U, = -r/i7i„ (3.14) 

where the second condition is the complex conjugate of the first, so this gives rise to a 
1/4-BPS condition. In this case, (12. 8p becomes 



Ca'I = e* 2 e *2 ( cos - + 7^ sin - 1 r]\,^, 



eU' = e-'^^e'^ (cos ^ + 7' sin ^^ r^^T^. (3.15) 

Substituting this into (13. ip . we obtain the following conditions for the scalars 

Y^ = Y'^ = Y^ = 0, 

deY^ + tcoted^Y^ = 0. (3.16) 
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The 2 in the right-hand side is due to our i?-charge assignment. 



It is easily seen that V^ ~ sin^^e^^'^e ^(^+2)^^* solves the above equation as well as the 
equation of motion. So the general solution of the scalar fields is given by 

Y^ = Y'^ = Y^ = 0, 

Y^= J2 VpSmP9e'P^e-'^P+'^^''\ (3.17) 

where n is an integer in the range ofO<r2<A; — 1 and Vp are complex constants. When 
p is an integer, sin^^e*^''' is the spherical Harmonics oi I = m = p, Ypp{6,(p). Here we 
have chosen p in such a way that the solution is regular at 6' = 0, tt and single- valued with 
flSHj) under the shift (^ ^ (^ + 27r. As in the 1/2-BPS case, the 1/4-BPS solution flSTTD 
breaks SU{A) /^-symmetry to SU{3). From the equations of motion of the gauge fields in 
(12. 3p . one can compute the gauge fluxes as 

p,p'ez>o+f 

p,p'ez>o+f 
F^^ = F^f> = ^ Yl (P~ P>pM* cos e sin^+P'-^ ^e^(p-p')(^-M*). (g.ig) 

p,p'GZ>0+f 

Thus, in the general 1/4-BPS solutions determined by ( 13. 3p and ( ]3.14p . in contrast to the 
1/2-BPS case, not only F^ but also F^J, (a' = 1,2) are nonzero and furthermore they 
have nontrivial (t, 6, ip) dependence. The quantization condition of the flux requires 

pez^o+j 
where q G Z>o/2. So Vp are given by 



e'"'p Uikqp 



^P = — VSd^' (3-20) 



Cp V 27r 



where 



'22pr(p + l)2 
r(2p+l) 



Cp=W-F77e^Tf' (3-21) 



ap are real constants and qp are real constants with Ylplp ~ 1- ^^ i^ ^^^ 1/2-BPS case, 
fl3.18p can be solved in terms of the gauge field with a gauge in which A[ = A[ = as 

Ail) _ A2) 

O '^^ "1 / 'D-\-'D^ 

k 



1 / P+P' \ 



(1) _ 4(2) 



Ai^^ = Ai^^ = 
2 
"A; 



A« = Af = ^ E (P + P' + l)^p(v)*e^^^"^'^^"-'^*^ 



p,p'eZ>o+2: 



fc 



X 

sm _ 

r=0 



-,2r+l 



in ^ ^^ 2r + 1 V ?" / 

(3.22) 



where j , I is the binomial coefficient. The upper and lower signs correspond to the region 
I (0 < 6* < 7r) and the region 11 (0 < 6* < tt) on 5*^, respectively. Since all components 
of the field strength are nonzero and take the nontrivial form, in the present gauge, not 
only Jy2 but also Aq are nonzero and involve the t and (/9-dependence as well as the 
^-dependence. (The ^-dependence in Jv^ seems to be a (higher order) generalization of 
the monopole configuration.) The patch-dependence of Aq is introduced so that Aq does 
not have (/^-dependence at 6* = and vr. Thus, on each patch, gauge fields are well-defined. 
In the overlap region, one can transform the configurations of the gauge fields (I3.22p from 
one to the other by the transition function 



Note that 



OO -. 

^^2r + l 



-p + r-l\ 22pr(p 



_, +1 V r J T{2p + 2) 



2p 



Ip , _ 



- y ^— {'"' + "\ (3.24) 
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The solution with n = and ti^ = for / > 1 is the 1/2-BPS solution discussed in the 
previous subsection. 

Finally, we calculate charges for the 1/4-BPS solutions. In addition to the energy and 
the i?-charge computed in the 1/2-BPS case, 1/4-BPS solutions have nonzero momentum 
along ip direction. 



2i |2 



J, = I ^ {-lY'd.Yl + id.Y'Yt) = 2kq, 
P.= [^(-dtY%Yl + d,Y^d,Yl)=- Y. ^p4K\"- (3-25) 



So the 1/4-BPS solution satisfies the following BPS bound 

S = /i Q J4 + P^y (3.26) 

4 SYM on R X S2 from ABJM on R x S^ 

In this section we "Higgs" ABJM theory on R x S^ around a 1/2-BPS solution following 
the procedure first discussed in [2B]. In [23], Mukhi and Papageorgakis had shown that 
one can obtain A/" = 8 SYM from BLG theory on H^ by expanding it around a vacuum 
y^ = S^^vIn and taking the limit in which f — )■ 00 and /c — > 00 with v'^/k fixed. This 
procedure was called the "novel Higgs mechanism" . 

Here we will show that when a similar procedure is carried out around a 1/2-BPS 
solution in ABJM theory on R x S^, the action reduces to A/" = 8 SYM on R x S^, 
which has interesting features such as the existence of many discrete vacua, a mass gap 
and SU{2\4:) symmetry (16 supercharges)!!!. Some details of A" = 8 SYM on R x S^ are 
summarized in appendix C Since A/" = 8 SYM in three dimensions is not conformal, 
the theory on R x S^ is not related to that on R^ in any simple way, unlike ABJM 
theory. It should be noted that the theory expanded around a 1/2-BPS solution of ABJM 
theory on R x S^ has 12 supersymmetries and SU{3) i?-symmetry while A/" = 8 SYM on 



^In the abelian case, the relation between the theory of a single M2-brane and the abelian SYM on 
R X S^ has been discussed in [35l. 
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R X S^ has 16 supersymmetries and SU{A) i?-synimetry, so in the Higgsing we will see 
the enhancement of the i?-syninietry as well as the number of supersymmetries. 

4.1 J\f = S SYM on R X S^ around trivial vacuum 

We first consider U{N) x U{N) ABJM theory on R x S^ and expand it around the 
following 1/2-BPS background, which is proportional to unit matrix: 

Y^ = Y^ = Y'^ = 0, Y^ = ve-'^ ■ 1, 
4^) = Ai^) = 0, aS^) = A? = 0, 

4^^ = Af = ^^^^-l, (4.1) 



where v = \J 2^<i- We have chosen v to be real by using U{l)b symmetry. We expand the 
fields in ( 12TT|) around (14T]) as 

yA^Y^ + Y^, A«_>i(i) + A«, A(2)^i(2) + A(2), (4.2) 

where the hat denotes the background. The limit in which the ABJM theory reduces to 
SYM is 

q ^ 00 and fc — ;■ 00 with — ; — = — — — = g nxed, (4.3) 

k k^ 

where g will be identified with the gauge coupling of A/" = 8 SYM on R x S^ shortljo. In 
this limit, the backgrounds F^, A^^'^ and A*^^) are 0{k). To proceed with the computation, 
it is convenient to rewrite the gauge fields as follows 

^^^ = ^™ + ^^-' 

It turns out that in the limit (14. 3p Bm becomes auxiliary fields and can be integrated out 
while Am becomes dynamical and will be identified with the gauge field of SYM. 



^The fact that 5^ is identified with ^^jr- instead of 22i^ as in the BLG case is a matter of notation, 
and one can go from one to the other by scahng fields by appropriate factors of k. 
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bosonic part 

Ignoring the terms of 0{k'^), we obtain 



dt^rTi 



-I^IF^T - ^F^Y], + \D',Y' + jY'Bol' - ^{Y'Yl + Y^Y'')Bo 



rA'\2 _ /^x^AVt 

4 



k' 



k 



k' 



1 2 _ /^^4^t 
' 4 



\D'^Y^ + jY^B2\'' - ^Y^YJ + -^(5oFi2 + ^1^20 + B2F, 



2k 
1 

2^' 



01 J 



47r2 



't \aB' 



FY Km>^"][>^" ,>^i'] + [Y^',Y-'][Yl,,Y^, 



s'lrvt x^t 



I2" 



ir 



4|2r 



F^ 



ni 



'' -"A 



(4.5) 



where Di 



i[Aa, ■]■ Integrating out Ba and rewriting Y^ {A' = 1, 2, 3) and Y"^ as 
1 



A'4 



Y^' = -^X 
V2g 



Y' 



V2g' 

e 2 



72^ 2 



eA'B'C'^ 



B'C 



+ 2p), 



(4.6) 



we finally get 



1 


f dn 




dt Tr 


9' J 


' /i2 



1 /;2 1 

T^^m^ABJ-^ ^ —^AB^ + -[-^AB,^CD\[^ ■, ^ \ 

Z o 4 



5I 



,x 



AB\ 



.X 



AB-i 



(4.7) 



To obtain this expression, we have integrated by parts and used Bianchi identity e D[^Fi 



be 



0. The action 04.71) is invariant under U{N) gauge transformation, where the scalar fields 
(j) and XjiB transform as the adjoint representation of U{N) and D'^ is the adjoint covari- 
ant derivative with the gauge field Am, and also has global SU{4) symmetry. This theory 
is nothing but (the bosonic part of ) A/" = 8 SYM on R x S^. 

fermionic part 

The details of the fermionic part of A/" = 8 SYM action are also reproduced by this 
procedure. The fermionic part of ABJM action has two set of terms: the kinetic term as 
well as the quartic interaction term involving the fermions and bosons. It turns out from 
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(14. 4 p that the effect of the Higgsing procedure on the covariant derivative for the fermions 
is simply to drop the 5^ field in the covariant derivative of ABJM action 

D^ijA -^ D'^^A = Vm^A + i[Am. ^a], (4.8) 

Then the kinetic term of ABJM theory becomes 

Tr [li^^^^^D'^i^A) ■ (4.9) 

Note that ipA here is the fermion field of the SYM and becomes adjoint field in U{N). We 
now come to the quartic terms, the last two lines in (12. ip . By the Higgsing those terms 
reduce to 

TT(2^e''^^^'[X^^\^A']-2^e-^'^MX,A',^P^^)+^^P^^'[<P,M-^^P^'[<f>,^ 

-^e-'f^^^'[XA^B',^^''']+^e''^^A'[X'''''',^B']], (4.10) 



where X^^ are defined in (14. 6p . 

In what follows, we see that these two, (14. 9 p and (I4.10p . can be rewritten in SU{4) 
symmetric form and are indeed the fermionic part of A/" = 8 SYM. First we absorb the 
time-dependence appearing in (I4.10p by the following redefinition 

■ fit 

ipA' -^ e~'~ipA', 
ij4 -^ e'^il)A. (4.11) 

By this, the kinetic term yields mass terms 

Tr {ii,^^rD'm^A) ^ Tr {i^^^rO'm^A + ^^^^'tVa' - ^^^^^4) • (4.12) 

Next, in order to see the SU{4) invariance of the action, we regard ipi, {ip'^^) which trans- 
forms as the forth-component of 4 (4) of 5'f/(4) in ABJM theory as the field which 
transforms as the forth-component of 4 (4). Namely, we interchange '04 and -i/^^^; 

V^4 ^ ^^^ (4.13) 

The reason of this interchange is explained below. Then (I4.10p and (I4.12p are rewritten 
in SU{A) symmetric form as 

Tr (i^^^^^D'^^A + j^^^l^A + #^^[0, ^a] - i^^^[Xab. ^^^] + #a[X^^, M 

(4.14) 
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The precise correspondence with the form of A^ = 8 SYM on R x S^ given in appendix 
C can be seen by performing the following replacements: /i — )■ — /i, — )■ —0, ipA -^ 7°'0yi 
and ip'^^ — ;■ 'j^ip'^, where xjj"^ and ip\ are fermions of A/" = 8 SYM. 

The fermions of ABJM theory ipA and ip"^"^ transform as 4i and 4_i under SU{A) x 
f/(l)b, respectively. By the Higgsing mechanism, SU{4) is broken into SU{3) x f/(l), and 
thus 'j/'A and ip'^'^ are split into 3i/2 © I3/2 and 3_i/2 © I-3/2, respectively. On the other 
hand, the fermions of A/" = 8 SYM are 4 and 4 of SU{A) and not charged under U{l)b 
since they are adjoint fields. By decomposing SU{A) into SU{3) x f/(l), ^]^ and iijj^ are 
split into 3i/2© 1-3/2 and 3_i/2©l3/2, respectively. To identify the fermions of the ABJM 
theory with those of A/" = 8 SYM, we have to set ipA' = i^At and ip^ = ip^ essentially. This 
is what we have done in the above. (See details in appendix D). 

Note that the scalar field p, which is the fluctuation of F^, is completely decoupled 
from the theory since in the limit f l4.3p p becomes a compact scalar with period p ~ p + g"^, 
which can be seen from the identification of scalars (13. lip with (I4.ip . (14. 2p . (14. 3 p and (14. 6p . 
Note also the difference of the action of A/" = 8 SYM on R x S^ from that on the fiat 
space. For instance, the scalar field has the different mass from that of other scalars 
and the coupling with F12 and so there is no SO (7) global symmetry among scalar fields 
unlike A/" = 8 SYM on R^'^ where there is no such difference among scalar fields and 
the 5*0(7) global symmetry exists. From the perspective of the Higgsing, the scalar field 
is coming from the fluctuation around the 1/2-BPS solution (13. 5p of F^ as (14. 6 p and 
the difference from other scalars is coming from the time-dependence of the background 
around which we expanded ABJM theory on R x S^. This time-dependence is also the 
source of the mass term of the fermions in the SYM. Now, A/" = 8 SYM on R x S^ can 
also be obtained from the dimensional reduction of A/" = 4 SYM on R x S'^(/Z„) onto 
R X S^, where S'^ is viewed as S^ fiber over S^ [29]. It is interesting to note the different 
origin of the scalar field and the mass terms from this viewpoint. In this construction, 
the scalar field in A^ = 8 SYM on R x S^ originates from the gauge field along the fiber 
direction in A/" = 4 SYM on R x S^(/Z„) and the mass term of the scalar and that of 
the fermions from the difference of the spin connection of S^ and S^. 

One can also carry out the higgsing procedure directly at the level of the super- 
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symmetry transformations of ABJM theory and show that it reduces to a subset of the 
full supersymmetry transformations of the SYMO- The supersymmetry transformation of 
ABJM theory (IZl) reduces to that of A/" = 8 SYM (ICj) by 



^ -~i^lt/iA+) _ J J^Jtit/4t{+)4B' _ _^B' 



^e-^''^%y, = 4„ _e^M./^^^+)4«' = _,-, (4.15) 

with e^, e\ = 0. This means that the enhanced supersymmetry is given by e^, e\. We will 
now briefly comment on the symmetry enhancement that happens during the Higgsing 
process. 

While A/" = 8 SYM on R x S^ as well as on flat space preserves sixteen supersym- 
metries, the half-EPS solution of ABJM theory, around which the Higgsing takes place, 
preserves only twelve supersymmetries. Therefore the Higgsing procedure is accompanied 
with an enhancement of supersymmetry as well as an enhancement of the associated R- 
symmetry. This is different from the case of higgsing in the BLG theory, where there 
is no enhancement of symmetry, since the vacuum of the BLG theory preserves sixteen 
supersymmetries to begin with. 

There is a simple way to understand how this enhancement happens during the process 
of Higgsing. The effect of the Higgsing can be summarized by some "effective higgsing 
rules", as was done for the BLG case [37]. In particular, under the Higgsing procedure, 
the bi-fundamental covariant derivative action on fields Y^ , Y^, (A' = 1,2,3) (DmY^ = 
dmY^ + iAmY^ — iY^ Am) is replaced by an adjoint covariant derivative: [D'^^ = 
dmY^ +i[Am, Y^ ]). This is true for the covariant derivative of the fermions as well. The 
solution around which the Higgsing is done preserves only SU{3) x f/(l) of the full global 
symmetry SU{4) x U{l)b of ABJM theory. The conserved currents associated with these 
symmetries are gauge invariant observables constructed of the Y^ and the YJ^, and take 
the form: 

4;„ = Tr(y^'D„r],) (4.16) 

The conserved currents associated to the 5*0(6) symmetry of the SYM would be : 

dm = My^'DLY^,); j;^'^' = Tt{Y^^' D'^Y^\ %^,^ = Tt{Y^^,D'^y1,,^) (4.17) 



^ In [35], the BPS equations of ABJM theory on flat space was shown to reduce to the BPS equations 
of SYM under Higgsing. 
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The additional currents which arise in the SYM hmit descend from operators which were 
not gauge invariant observables in ABJM theory. They become gauge invariant, after 
Higgsing, under the gauge transformations of the reduced gauge group. This discussion 
carries over to the enhancement of supercurrents as weU. 

4.2 J\f = 8 SYM on R X S^ around nontrivial vacua 

We can also obtain A/" = 8 SYM on R x S^ expanded around a nontrivial vacuum, which 
is presented in appendix C To see this, let us choose a more general 1/2-BPS background, 
which is diagonal but not proportional to unit matrix; 



Y^ = Y^ = Y^ = 0, y4 = diag(i;i,W2,--- ,^jv)e- 



' 2 



Here 



(1) 




= Af 


= 0, 


aS^) 


= A? = 0, 


(1) 

2 


-A?> 


271 

k 


IF^I^- 


±1 - cos e 

sin 6 








Vi = 


/L*'-^*)' 



(4.18) 



(4.19) 

where q and qi are positive half-integers. The theory expanded around such a background 
is equivalent to the one expanded around (14. ip in which the fluctuation of F^, for instance, 
is replaced by 

{Y%, ^ {Y%, + 6,,{v, - v)e-''^. (4.20) 

In the limit (14. 3p . Vi — v becomes 

v,-v^ -^q, (4.21) 

and so is regarded as the background of the fluctuation. Under the Higgsing around 
(gUD, ABJM theory on R x S^ therefore, reduces to A/" = 8 SYM on R x S^ expanded 
around 

= /xdiag(gi, g2, • ■ ■ , Qn), Xab = 0, 
Ao = 0, Ai = 0, ^2 = ^^. (4.22) 
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Since the solution f l4.18p we expanded the ABJM theory around is also 1/2-BPS as in 
the previous case, it is expected that fl4.22p keeps same amount of supersymmetries as 
the trivial vacuum of A/" = 8 SYM on R x S^. Indeed, as presented in appendix C the 
configuration fl4.22p is a (nontrivial) vacuum of A/" = 8 SYM on R x S^. 

4.3 A/" = 8 SYM on R X S^ around 1/2-BPS solution 

It is also possible to obtain Af = 8 SYM on R x S^ expanded around 1/2-BPS solutions 
by Higgsing ABJM theory on R x S^ about a diagonal 1/4-BPS solution in which Y^ 
take the form 

Y^ =Y'^ = Y^ = 0, 

iy%J=S^, Yl ^^psin^^e^"''"'^^^^^^*- (4.23) 

pez>o+f 

In particular, we first take a solution with n = 0, namely p = I E Z>o. The gauge field 
configuration is also diagonal and each component is given by fl3.22p with Vp replaced by 
Vii for each component. In particular, we choose vu as 



' ak 



^.z = ^^^A^ (/>!), (4.24) 

where q and qio are positive half-integers and Pu are real constants with X]i>o (^^ ~ ^- ^' 
is defined in fl3.2ip and an are real constants. ABJM theory around this background is 
the same as the one around the background (14.11) with the fluctuation of Y^ replaced by 

iY%, ^ {Y%, + 6,, ( J2 ^^i sin' ^e^'^-^('+i)^* - ^e'^f ) . (4.25) 

Then, under the limit in which 

g — )■ oo. A; — )■ cx) and fin — >■ with — - — = g^ and Wji(~ \/kl3a) fixed. 

(4.26) 

the second term in the right-hand side in (14.250 becomes 

5^t;,,sin'^e*'^-*('+5W_^e"^f 
/>o 
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i>i 



(4.27) 



So, the theory we finally get is A/" = 8 SYM on R x S^ around 

9 Y^_:„Z/i/.. Jl{^-iit) 



^ij — dij 



Xab = 0, 



Ai^io + ^ X] ^^"^^ ^(^'i«e* 



+ C.C.) , 



(^o).- = 5.- ^ Y.^{vue^''~^^^^ + C.C.) E ^ ( ^ + ') (Tl 

"^^ «>1 r=0 ^ '^ 



COS 



2r+l 






±1 -COS0 



yUgiO- 



sin^ 

+ ^ V(/ + l)(t;,,e*'(^-^*) + c.c. 
v2 ;>i 



sin 6* ^^-^ 2r + 1 

r=0 



1 /-/ + r-l 



f±l — cos' 



2r+l 



The field strength for the above gauge field configuration is give by 
(Foi),, = 5,, ^ E ^ ^i^'"' ^ (t'.;e*'(^-^*) + c.c.) , 
(Fo2).,- = 6,,^J2^cosesm'-H {vue''^''-^'^ - c.c.) , 

{Fi2)ij = S,, U^g^o + ^ E(^ + 1) ^i^' ^ (t^./e^'^'^-'^*^ + c.c.) 



(4.28) 



(4.29) 



It turns out from the Killing spinor equation Sip"^ = of A/" = 8 SYM on R x S^ given in 
appendix C that the field configuration fH:28D is a 1/2-BPS solution of the SYIvfc. 

One can also carry out the Higgsing to a solution with n 7^ in 04.23p . In the same 
manner as before, we take Vip {p G Z>o + |) as 



A; 



^° As discussed in [3^1 (also in [3^), the plane wave (BMN) matrix model can be regarded as a matrix 
regularization oi J\f = 8 SYM on R x S^. So, there should be 1/2-BPS solutions in the plane wave matrix 
model corresponding to (|4.28l) . Indeed one of 1/2-BPS solutions in the plane wave matrix model studied 
in [38] seems to correspond to (j4.28p . 
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^ip 



^^a^p Lj^f. 



Cp V 27r 



Ap {^pez 



n 



>i 



(4.30) 



and take the limit in which 



g — !■ oo, k -^ oo and /3jp — > with — - — = g^ and fip(~ \/k/3ip) fixed. 

(4.31) 

The effect oin{^ 0) results in extra terms being added to the previous result. For instance, 
in the /c — )■ oo limit, sin^ 6 is approximated as sin* ^ — )■ 1 + ^ In sin 6' + (9((^)^), which is 



valid except at ^ = and it, and t'i(«+ii) can be regarded as vu in (I4.24p times a constant: 

) ))■ (4.32) 

Then, f l4.23p with n ^^ reduces to, except at 6* = and tt. 



^.(,+|)^t;,x (l + _ln2 + 0(y 



pez>o+^ 

sin 6 



■ lit 



-^ ve 2 + 



9 

2v/2' 



vr 



-n In 



+ «((/) - /it) I + 



/i 



V2g 



Qio 



p>i 



t;p sm 



p aJpif-fj-t) 



—iti. 

6 2. 



(4.33) 



The second term is the new term arising due to the nonzero n. One can easily carry 
out the same calculations for the gauge field configurations. Thus the configurations in 
the SYM obtained from the 1/4-BPS solutions with nonzero n of ABJM theory via the 
Higgsing are 

/ ng'^ sin 6* g 

(pij = Oij ifiqio + — In ■ 

Xab = 0, 

l-l 



v^tr 



^sin'^(i;,/e*'(^-^*) + c.c.; 



27r 2 



-^ ^/(i;,;e*'(^-^*) + c.c. 
v2 ,>i 



r=0 



E^l'':'')(^n-™^^'^' 



^1 = 0, 

(^2)ii = Sij 



±l-cos6' ng'^fl-cos9^ 9 l + cos6', 9 

Mio ^-B + 1^ ^^— Insm- ^— — Incos- 

smfc' Zn V smt^ 2 smfc' 2 
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+ -^ V(/ + l)(t;,ie*'(^-^*) + c.c.) 
The field strength for the above gauge field configuration is give by 



(4.34) 



{Fo2)ij = dij —= 2_^i COS 6 sih 
v2 ,>i 



e (i;,/e''(^-^*) - c.c.) 



[Fujij — ^ij 



/i^g.0 + ^ (l + In ^) + ^ E(^ + 1) ^i^' ^ (-..e^'^--^*^ + c.c.) 



(4.35) 

Note that the terms proportional to n appearing in Fqi and Aq can be regarded as ana- 
logue on R X S^ of the Callan-Maldacena solution on fiat space |39], which describes a 
bound state of fundamental strings and D2-branes. This part in the solution represents 
n fundamental strings attaching D2-branes on the north pole {6 = 0) and the south pole 
(^ = tt). The behavior around them indeed matches with the solution [ID]. On the other 
hand, the expressions for F12 and A2 are specific to the analysis on R x S^. F12 is singular 
at 6* = and 6 = tt but A2 is not. Note also that the integral of the new term in F12 over 
S^ vanishes as well as that of the terms of / > 1, so the flux quantization condition is just 
2^ jg2{Fi2)ii = 2qiQ G Z, which is consistent with that in ABJM theory. 

5 Summary and Discussion 

In summary, we have solved BPS equations of ABJM theory on R x S^ for diagonal 
configurations and shown that "Higgsing" the ABJM theory around the 1/2-BPS solution 
leads to A/" = 8 SYM on R x S^. The BPS solutions we found, in general, have nonzero 
angular momentum along if direction and the non-trivial fluxes, not only F12 but also Fqi 
and Fq2- Higgsing around the 1/2-BPS solution where the scalar field vev is proportional 
to the identity gives rise to A/" = 8 SYM on R x S^ expanded around the trivial vacuum 
while higgsing around 1/2-BPS solutions which are diagonal but not proportional to the 
identity leads to the SYM expanded around a non-trivial vacuum. If we Higgs around 
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a 1/4-BPS configuration, then we end up getting the SYM expanded around a 1/2-BPS 
solution. In fact, higgsing around various solutions of ABJM theory should reproduce the 
SYM expanded around its various solutions. 

Since the ABJM on R x S^ is dual to M-theory on global AdS^, it is worth asking what 
the duals of the BPS solutions, we find in this paper, are. In [H], Nishioka and Takayanagi 
solve the BPS equations explicitly in the bulk and construct a class of dual giant graviton 
solutions in M-theory on AdS^ x S'^/Z^. In particular, they find a spinning dual giant 
graviton configuration. The spinning dual giant graviton is a M2-brane expanding into 
AdS4^, which rotates along the fiber coordinate of the S*^ (S*^ being the fibration of S*^ 
over CP^) and spins along the azimuthal direction of S"^ C Ad 84^. This spinning dual 
giant graviton has a non-trivial profile along the AdS^ and has been called the "giant 
torus" . These solutions should be dual to the class of solutions we construct in this paper 
with nonzero P<^ and J4 corresponding to the nonzero spin and the angular momentum, 
respectively, in the bulk. 

In a forthcoming paper ^\, we will classify the space of solutions on the bulk side, 
which includes the giant torus solution, in terms of intersections of holomorphic surfaces 
with the target space, following [131131] and then using the methods given in [ISHIT] we 
will compare and match with a similar classification on the space of boundary solutions 
presented here. 
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Kawai, Seok Kim, Tsunehide Kuroki, Suvrat Raju, Nemani Suryanarayana for useful 
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Young Scientists. SY is supported by National Research Foundation of Korea (NRF) 
grant No. 2010-0007512, and No. 2009-0076297. 

A Conventions 

In this paper, we consider the ABJM theory on R x S^ endowed with the metric 

ds^ = -dt^ + ^ [de^ + sin^ ed^^) , (A.l) 

/i 
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where // ^ is the radius of S"^. We take the local Lorentz frame as 



.0 



1 .„ o 1 



e" = dt, e^ = -de, e^ = -sinOd^. (A.2) 

/i fi 

Then the spin connection is calculated as 

uJi2 = — cos 9dip, others = 0. (A. 3) 

We take 5*0(1,2) gamma matrices, which satisfy {7'^,7^} = 2?7"*, as 

7° = iay, 7^ = 0-^, 7^ = a^, (A.4) 

where (Tx,y,z are Pauli matrices. Note that 

where e"**^ is the completely antisymmetric tensor satisfying e°^^ = 1. In this represen- 
tation, spinors are real. Let spinors and the gamma matrices have the following index 
structure: ipa, {l°')a- We raise and lower the indices by the antisymmetric tensor e"'^ 
and ea(3 satisfying e^^ = -ei2 = 1 as V^" = e^'^ip/s {ipa = ^a/si'^), (7'')a/3 = ^pp'il")/ and 
(•^a^a/3 ^ gOo (^'^)^/. The gamma matrices with two upper indices and two lower indices 
are symmetric: (7")"'^ = (7")'^" and (7")a/3 = {'^"')i3a- We abbreviate the spinor indices 
for the following contractions: 

^^^i...Y'^^^rir'---r'')a^x(s (a.6) 

B BPS solutions 

In this appendix, we summarize the BPS solutions of U(l) x f/(l) ABJM theory (k > 2) 
with respect to the cases in which r]^^ take 

(i) : ?7|4 7^ and others = 0, 
(ii) : ^714 5 ''724 7^ and others = 0, 
(iii) : VM\vit\vif 7^ and others = 0. (B.l) 
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without (IB.2D and (IB.3J) 


with (IB.2J) and (1B.3J) 


(i) 


4 


2 


(ii) 


8 


4 


(iii) 


12 


6 



Table 1: The number of supersymmetries for each BPS condition in ABJM on R x S^ 

(k > 2): (i) 7][f ^ and viV = viV = 0, (ii) v[t\viV ^ and 4f = 0, and (iii) 



Note that r]]^^ = —\€abcd{Vcd)*- The other cases are essentially the same with one of 
these cases (for instance, the case in which r][2 7^ and others= is equivalent to the 
case (i).). For nonzero constant spinors, we can further impose the following projection 



• (+) (+) 

^7 VA'i = SA'VA'i^ 



(B.2) 



where sa' = ±1- The projection for t^^J is given by 



^7 Va'B' — ^a'b'Va'B'^ 



(B.3) 



with Si 



12 ~ ■'21 



'^3, Sy^ — S^-^ — S2, S23 — S32 



-Si. The number of supersymmetries 



preserved for each case in (IB.ip with and without (1B.2P and (IB.Sp is summarized in Table 
1. From fl3.ip one can easily get the BPS configurations of scalar fields for each case and 
then those of gauge fields from (12.30 . Below we show the BPS solutions of scalar fields 
for each case. 

In the case (i) with (IB.2p and flB.3p . (13.10 reduces to the following equations: 

deY^ + isicot9d^Y^ = 0, 
dtY^-t^Y^+sifxd^Y^ = 0, 



deY^-isi cot ed^Y^=0, 



(B.4) 



where A = 1,4 and A = 2, 3. These are easily solved as 



pez>o 
Y^= J2 ^^sinP 

P6Z>o 



fit 



t/sinP^e*P('i^-*)-^^ 



-ip{siip-t)+i!^ 



(B.5) 
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where Vp and v^ are arbitrary constants. Note that if Y— = {v^ = 0) then p of Vp can 
take values in Z>q + |, where n is an integer with < n < k, because of the identification 

dHUD: 



2 



Y^ = 0. (B.6) 

Without ( ]B.2|) and ( ]B.3|) . the EPS equation becomes ( ]B.4|) with the coefficient of si being 
zero, so that the corresponding BPS solution is p = solution in (jB.Sp . 

In the case (ii) with (1B.2I) and ( 1B.3I) . the BPS solution is given, only when si = S2, by 

Y^ =Y^ = 0, 

Y^= J2 <sinP^e*^^'^^"*^-'f, 

Y^ = J2 v^sinPOe-'P^'^'^-'^+'f. (B.7) 

p€Z>o 



The BPS solution without flB.2|) and (IB.3|) is the solution with p = in (IB.7P 



In the case (iii) with ( 1B.2I) and ( IB. 31) . the BPS solution is given, only when si = S2 = S3, 
by 






Y' = Y' = Y^ = 0, 



y4= ^ v^sinPee'P^'''^-'^-'^, (B.8) 

pe.z>o+f 

where we have taken into account the identification (13.111) . so that p can take an integer 
of Z>o + f . The BPS solution without f lR2|) and flR3|) is the solution with p = in f lRSJ) . 



C AT = 8 SYM on R X S2 

In this appendix, we summarize N' = 8 SYM on R x S^. The action of A/^ = 8 SYM on 
R X S^ is given by 

SsYM = ^ I dt^Tr (-]F'^'Fa, - lD'JD'^<t> - ^0^ + ^^p^^ 
9 SYM J ^i^ \ 4: 2 2 
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- 2^i[0, ^^] - z^i[X^^, ^1j] + li^^[XAB, ^^] 1 , (C.l) 

where D'^ = Va + ^[^a, ■]• This theory is invariant under the following supersymmetry 
transformation 






j=l,2 

+ (Fi2 - /i0)7''^^ + f^X^'We'h + 2z[0, X^^]e^ + 2z[X^^, X^d^"^' (C.2) 



Here e"^ are supersymmetry parameters which are (1 + 2)-dimensional Majorana spinors 
in the fundamental representation (4) of 5^/(4) given by 

e^ = e^^e-'^^e^^^e^, (C.3) 

where e^ is a constant spinor. e\ are the complex conjugate of e^ and transform as the 
anti-fundamental representation of SU{A). 

The vacuum configuration of this theory is determined by the following equations 

Fi2 - /i</) = 0, 

D[(j) = D'^cj) = 0. (C.4) 

In the gauge in which is diagonal and Ai = 0, these equations are solved by introducing 
two patches on S^ as 

= /idiag(gi,g2,--- , ^tv) , 

^ = 0, 

. 1 ± cos6' , ,^ ^, 

A = . ^ 0, (C.5) 

smt^ 

where the upper and lower signs in A2 correspond to the region I (0 < ^ < tt) and 
the region II (0 < 6* < vr), respectively. The gauge field configuration for each diagonal 
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component is Dirac monopole with magnetic charge gj. In the overlapping region of the 
region I and the region II, the configurations on each patch are transformed each other by 
the transition function 

V[^n = exp (i-0-v3j (C.6) 

The single-valuedness of the transition function requires g^ to be half-integer: qi G Z/2. 

D Relation of fermions in ABJM and SYM 

In this appendix, we explain in detail the interchange of ip^ and ^^^ (14.131) in the ABJM 
theory, which is needed for matching the ABJM theory (after the Higgsing) to A/" = 8 
SYM. It is worthwhile to understand this interchange in terms of Clifford algebra repre- 
sentations of 5*0(6) and 5*0(8). Let f^ (/' = 1, 2, ■ ■ ■ , 6) be gamma matrices of 5*0(6) 
satisfying {f^',!-^'} = 25^'-^' and a^' = \{V^' + iV^'+^) and a\, = \{V^' - iV^'+^). 
Oi^ and ocj^i satisfy {a^ jQ^s/} = ^b' ^^"^ ^^^ regarded as annihilation and creation op- 
erators of fermions on the Fock vacuum \^. Note that the t/(3) rotation defined by 
a^' — !■ {U*)'^^,a^' and a\, -^ U^' a'^, is a subgroup of 5*0(6). The (Dirac) spinor repre- 
sentation of 50(6) is expressed as 

8 = {|0), a\,\n), a\,aU^), «^,4,aJ,,|n)}, (D.l) 

One can decompose 8 in terms of the eigenvalue of the chirality matrix T = n/'=i ^^ = 
]^^^-^(l — 2a\a^) into two Weyl representations as 

8-^4 + 4 (D.2) 

where 

4 = < a\,\Q), a\,a'^,al.,\Q \ , 

4={\n),a\,aU^)}. (D.3) 

and 4 and 4 have F = 1 and F = — 1, respectively. We further decompose 4 and 4 of 
5t/(4) into 5f/(3) x U{1) where the U{1) charge is specified by E1'=i["^'' "a']/2: 

4 -^ 3i/2 + 1-3/2, 
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4 ^ 3_i/2 + I3/2. (D.4) 

Next, let r^ (/ = 1, 2, ■ ■ ■ ,8) be the gamma matrices of 5*0(8) satisfying {T^ , F"'} = 
26^-^ and (3^ = ^(r^ + ^1^+^) and /JJ^ = |(r^ - 21^+^). /3^ and /3]^ satisfy {/3^, (3^} = S^ 
and are regarded as annihilation and creation operators of fermions on Fock vacuum \Q). 
By using the fermion Fock space, the (Dirac) spinor representation of 5*0(8), 16, is given 
as: 

16 = {|fi),/3l|fi), PiPilQ), Pi/3l,Pl\Q), f3],/3\,PlPl\Q)}. (D.5) 

In terms of the eigenvalue of the chirality matrix F = n/=i ^^ = 11^=1 (-'- ~ 2/3]^/3^), 16 is 
decomposed as 

16 ^ 8, + 8c, (D.6) 

where 

8, = {/3:^|fi), /3H4|n)}, 

8, = {|fi), /3i/3l,|fi), P\Pi,Pl/3l\Q)} , (D.7) 

and F = —1 for 8s and F = 1 for 8c. We decompose these into SU{A) x f/(l) where the 
t/(l) charge specified by ^a=i[I^'^^ I^a]/"^- ^^ particular, 8^ is decomposed as 

8, ^4;+4'_„ (D.8) 

where 

4^ = {/3M/3i|fi)}. (D.9) 

We further decompose 5[/(4) into SU{3) x f/(l) as before with the f/(l) charge specified 

byEA'=ir',/3i']/2: 

4' — )■ 3i/2 + I3/2, 

4' ^ 3_i/2 + 1-3/2. (D.IO) 

We then see that the two sets, (ID. 41) and fID.lOp are not in one to one correspondence with 



each other. In particular to identify the fermions of the ABJM theory with the fermions 
of the SYM (after Higgsing), we must interchange I3/2 ^ 1-3/2- This corresponds to 
interchanging ip^ <(-)■ ip^"^ in the ABJM. 
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